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a b s t r a c t

The Virtual Fields Method (VFM – Pierron and Grediac, 2012), an inverse method based on the principle of
virtual work (PVW), is being increasingly used to estimate mechanical properties of materials from full-
field deformations obtained from techniques such as Digital Image Correlation, moiré and speckle inter-
ferometry and grid methods. By making specific choices for virtual fields (VFs) in PVW, one obtains a sys-
tem of algebraic equations, which is then solved for the unknown material constants. Recently, a new
variant of VFM, known as the Eigenfunction Virtual Fields Method (EVFM) has been proposed (Subrama-
nian, 2013). In EVFM, principal components of the measured (i.e. true) strain fields are used to system-
atically generate VFs. We extend EVFM to orthotropic elastic materials in this work, and estimate the
relevant material parameters from full-field strain data generated from a finite-element model of an
unnotched Iosipescu test. Varying levels of Gaussian white noise are added to the synthetic strain data
to evaluate the sensitivity of EVFM to input noise. It is observed that for low to moderate noise, the mate-
rial properties estimated by the proposed method are relatively insensitive to noise. However, when
noise levels are high, the proposed method yields large variance in some of the computed properties
when compared to the state-of-the-art optimized piecewise continuous VFM (Toussaint et al., 2006; Pier-
ron and Grediac, 2012). Some of the large variance in properties estimated from noisy data using EVFM is
traced to the sensitivity of the third dominant eigenfunction and modifications to the proposed method
to address this issue are suggested.

� 2013 Elsevier Ltd. All rights reserved.

1. Introduction

Identification of material parameters from experimental mea-
surements of kinematic variables, especially from full-field tech-
niques such as Digital Image Correlation (DIC), moiré and speckle
interferometry and grid methods, is an active area of research in
experimental mechanics (Avril et al., 2008). One of these techniques
that is increasingly being used is the Virtual Fields Method (VFM –
Grediac, 1989; Pierron and Grediac, 2012), an inverse method based
on the principle of virtual work (PVW – Malvern, 1977). In the con-
text of infinitesimal deformations, if inertial effects and body forces
are small enough to be neglected, PVW may be stated asZ

V
r : e�dV ¼

Z
ST

t � u�dA; ð1Þ

where V is the volume occupied by the solid of interest, ST is the
portion of the exterior surface of the solid where tractions are pre-
scribed, r is any statically admissible stress field, t is the (true) trac-
tion vector specified on ST ; u� is any kinematically admissible virtual

displacement field and e� ¼ 1
2 ru� þ ru�T
� �

is the virtual strain field
obtained by differentiating the virtual displacement field u� with re-
spect to the current configuration (Malvern, 1977). In the literature,
the left hand side of Eq. (1) is commonly referred to as the internal vir-
tual work and the right hand side the external virtual work.

VFM was first used in the estimation of linear elastic material
parameters, which is also the topic of interest in this article. A good
review of methods for inverse computation of linear elastic proper-
ties is found in Avril and Pierron (2007). We focus attention on the
plane-stress deformation of a homogeneous, orthotropic linear
elastic material in this work. Thus, the stress tensor r is related
to the strain e through a uniform fourth-order elasticity tensor C:

r ¼ Ce ð2Þ

Following Voigt notation, ðr11;r22;r12Þ � ðr1;r2;r6Þ; ðe11; e22;

2e12Þ � ðe1; e2; e6Þ, Eq. (1) may be written in indicial form as

Cij

Z
V
eie�j dV ¼

Z
ST

tiu�i dA ð3Þ

In VFM, advantage is taken of current experimental techniques
such as Digital Image Correlation, moiré and speckle interferometry
and grid methods, which generate spatially dense measurements
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of strain components ei over the area of interest. For each choice of
virtual field, the integrals on the left hand side and right hand side
of Eq. (3) are explicitly computed, generating one linear equation
in the unknown material parameters. If N independent material
constants pa; ða ¼ 1; N), feature in C, then these pa are computed
by generating a sufficient number of linear equations for the un-
knowns by employing several different virtual displacement fields
u�ðkÞ; ðk ¼ 1; dÞ; d P N and solving the resulting system of equa-
tions PQ ¼ R. Details of application of VFM to estimation of consti-
tutive parameters of various linear and non-linear material models
are found in the recent book on VFM (Pierron and Grediac, 2012).

The choice of virtual fields plays a vital role in the successful
computation of the materials parameters pa. In the earliest works,
the virtual fields were chosen based on intuition and trial-and-er-
ror (Grediac et al., 1999), but these were not guaranteed to yield
independent equations for the unknown material parameters. For
this reason, so-called ‘special’ virtual fields were defined (Grediac
et al., 2002a) to yield fully decoupled equations for the unknowns.
These fields were called special since they rendered the matrix of
virtual work coefficients (P) equal to the identity matrix. However,
a large number of nuisance parameters are introduced to define
the virtual fields in this approach, which becomes computationally
expensive. While Grediac et al. (2002a) employed special virtual
fields that were continuous over the entire domain of interest,
piece-wise virtual fields with virtual nodal displacements akin to
those commonly used in the finite-element method were intro-
duced by Toussaint et al. (2006). Virtual fields have also been cho-
sen to be those that are least sensitive to experimental noise; this
was investigated for the case of virtual fields continuous over the
whole domain by Avril et al. (2004), and later extended to the case
of piecewise virtual fields by Avril and Pierron (2007).

A different way of generating virtual fields has been recently
proposed in Subramanian (2013). This approach differs markedly
from those presented in the literature in that the form of the vir-
tual fields is not determined a priori. Rather, the virtual fields are
determined from the measured displacement field; they are, in
fact, based on the eigenfunctions of the measured strain fields
and hence, this method is called the Eigenfunction Virtual Fields
Method (EVFM). Since actual measured strain fields are used in
the computations, EVFM provides a physically-based and system-
atic means of selecting virtual strain fields and solving the result-
ing VFM equations for the unknown material parameters.
Another significant advantage of EVFM is that no nuisance param-
eters (as in the case of full-domain or piece-wise virtual fields) are
introduced to define the virtual fields since the eigenfunctions are
completely defined by the measured strain fields. The proposed
choice of virtual fields also leads to enormous algebraic simplifica-
tion compared to existing VFM approaches, resulting in a compact
system of equations to be solved.

In Subramanian (2013), the efficacy of EVFM was demonstrated
by computing the Young’s modulus and Poisson’s ratio of a homo-
geneous, isotropic, linear elastic material using simulated strain
data from a uniaxial tension test. While this simple example ade-
quately elucidates the sequence of steps involved in EVFM, the test
itself is too simplistic when compared to real data obtained from
full-field experimental techniques. In order to address this issue,
in this work, we apply EVFM to simulated strain data obtained
from the plane-stress deformation of a plate of homogeneous,
orthotropic, linear elastic material subjected to unnotched Iosipe-
scu bending. The strain fields obtained are inhomogeneous com-
pared to the simple homogeneous strain fields in uniaxial
tension, and therefore provide richer, and more challenging data
for evaluating EVFM. Moreover, Gaussian white noise of various
levels is also added to the strain data to mimic actual experimental
data and to make the present study more relevant to practical
implementation. Finally, the unnotched Iosipescu test is a standard

problem for benchmarking VFM and data from finite-element sim-
ulations and experiments are provided in the VFM book (Pierron
and Grediac, 2012), thus facilitating direct validation of the present
approach.

The rest of this paper is organized as follows. Principal compo-
nents of measured strain matrices form the basis of EVFM and in
Section 2, a brief summary of principal component analysis (PCA)
of strain fields is presented. In Section 3, the finite-element model
used to generate the data used in the present study is described,
followed by the EVFM formulation for orthotropic materials in Sec-
tion 4. Then, in Section 5, the virtual fields used to generate the
EVFM equations for the present problem are presented in detail.
In Sections 6 and 7 respectively, the results of the present work
are presented and discussed and the main conclusions of this work
are summarized in Section 8.

2. Computation of eigenfunctions of strain fields

EVFM is built around eigenfunctions of the measured strain
components e1; e2 and e6 and therefore, computation of these
eigenfunctions is discussed before the method itself is presented.
It is assumed that experimentally measured strains are available
on an ðmþ 1Þ � ðnþ 1Þ grid. From the centroids of the cells of this
grid, a new grid of m� n points is obtained and the three strain
components are generated on this new grid by simple averaging
of the four surrounding values on the original grid. These values
are stored in the three m� n matrices E1; E2, and E6 respectively.
This averaging operation is introduced merely to simplify the alge-
bra that appears later in this article, and is not essential to the effi-
cacy of the method. Although this operation does introduce
interpolation error into the original data, the grid over which
full-field data is obtained is typically fine enough to make such
interpolation errors insignificant.

From the generated strain component grids, two augmented
matrices Er and Ec of sizes 3m� n and m� 3n respectively are
formed as follows:

Er ¼
E1

E2

E6

264
375; Ec ¼ E1E2E6½ � ð4Þ

In this work, principal component analysis (PCA, Jolliffe, 2002) is
used to investigate Er and Ec . Specifically, we use uncentred PCA
(Noy-Meir, 1973; Cadima and Jolliffe, 2009) and obtain the eigen-
functions of Er and Ec by performing Singular Value Decomposition
(SVD), from which the following decompositions follow:

Er
ð3m�nÞ ¼ Lr

ð3m�3mÞS
r
ð3m�nÞðR

rÞTðn�nÞ;

Ec
ðm�3nÞ ¼ Lc

ðm�mÞS
c
ðm�3nÞðR

cÞTð3n�3nÞ; ð5Þ

where

� the columns of Lr and Lc contain the left singular vectors of Er

and Ec respectively (i.e. the eigenvectors of ErðErÞT and EcðEcÞT );
� Sr and Sl are diagonal matrices that contain the singular values

of Er and Ec;
� the columns of Rr and Rc contain the right singular vectors of Er

and Ec respectively (i.e. the eigenvectors of ðErÞT Er and ðEcÞT Ec).

A significant benefit of this decomposition is that each set of singu-
lar vectors forms a complete orthonormal basis; thus, the right sin-
gular vectors form an orthonormal basis for the row space of each
augmented matrix, while the left singular vectors form an ortho-
normal basis for the column space Strang (2006).

Let us denote by r the right singular vectors of Er and by l the
left singular vectors of Ec , of length n and m respectively. It is also
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assumed that the singular values of Er and Ec are arranged in
decreasing order, as is customary. Then, the number of principal
singular vectors for each augmented matrix may be obtained (Jol-
liffe, 2002; Grama and Subramanian, 2013) by identifying the knee
in the respective logarithmic plots of singular values (LSV). This
technique is known as the ‘scree-plot’ technique in the PCA litera-
ture (Jolliffe, 2002), and consists of identifying a point on the LSV
plot where it exhibits a sharp knee and becomes more or less hor-
izontal. Several applications of this technique are shown in Sec-
tion 6 of this manuscript. The principal left and right singular
vectors of each augmented matrix show the dominant spatial pat-
terns in each composite strain field along the X1- and X2-directions
respectively and the contribution of the ith pattern to each matrix
is reflected in the magnitude of the corresponding singular value ki

Grama and Subramanian (2013).
Since the left and right singular vectors form an orthonormal basis

for column and row spaces of the composite matrices respectively, the
columns and rows of the strain matrices E1;E2, and E3 may be ex-
panded in terms of these eigenfunctions.1 It is frequently found that
full-field strain data are highly redundant and only a small number
p� minðm;nÞ eigenfunctions are dominant. Therefore, it is sufficient
to reconstruct the strain matrices in terms of the p-dimensional subspace
of the row and column spaces spanned by these p dominant left and right
eigenfunctions respectively. If eEr

1 is the matrix of strain values e1 recon-
structed using the p right eigenfunctions of Er , then

eEr
1 ¼ eAr

1ðeRrÞ
T
¼ E1

eRrðeRrÞ
T
; ð6Þ

where eRr is the n� p matrix whose columns contain the p dominant
right eigenfunctions of Er and eAr

1 ¼ E1
eRr is an m� p matrix of com-

ponents of the rows of E1 along the columns of eRr . Thus, the kth row
ðeEr

1Þ
ðk;�Þ

of eEr
1 may be expressed as

ðeEr
1Þ
ðk;�Þ
¼ ðeAr

1Þ
ðk;�Þ
ðeRrÞ

T
ð7Þ

Similarly, eEc
1, the matrix of e1 values reconstructed from the p dom-

inant left eigenfunctions of Ec is written as

eEc
1 ¼ eLc eAc

1 ¼ eLcðeLcÞ
T
E1 ð8Þ

with eLc being the m� p matrix whose columns contain the p domi-

nant left eigenfunctions of Ec and eAc
1 ¼ ðeLcÞ

T
E1 a p� n matrix of

components of the columns of E1 along the columns of eLc . Similar
reconstructions are defined for the other two strain component
matrices.

3. Finite element analysis

In this work, the recently introduced technique of EVFM (Subr-
amanian, 2013) is extended to the identification of constitutive
parameters of orthotropic, linear elastic materials. Although the
principle of virtual work Eq. (1) involves integrals over the volume,
practical applications of VFM call for adaptation of this equation to
in-plane deformations (Pierron and Grediac, 2012). Under plane-
stress conditions, which are commonly assumed to prevail in
VFM applications, and infinitesimal deformations, stresses are
related to strains in orthotropic, linear elastic materials through
the relation:

r1

r2

r6

8><>:
9>=>; ¼

Q 11 Q 12 0
Q 12 Q 22 0

0 0 Q 66

264
375 e1

e2

e6

8><>:
9>=>; ð9Þ

where Q11; Q12; Q22 and Q66 are the orthotropic material parame-
ters to be evaluated using VFM (Pierron and Grediac, 2000; Grediac
et al., 2002b; Avril et al., 2004; Pierron et al., 2007; Pierron and Gre-
diac, 2012).

We use the well-documented unnotched Iosipescu test (see Pier-
ron and Grediac, 2012, Chap. 13) to demonstrate the application of
EVFM to orthotropic elastic materials. In this test, a thin rectangular
specimen of thickness h is asymmetrically clamped as shown in
Fig. 1. The supports at the left are held fixed, while those at the right
are displaced rigidly. Under these boundary conditions, the free span
in the centre of the specimen undergoes a combination of bending
and shear, the relative contributions of each of which may be varied
by changing the geometry and/or loading conditions of the speci-
men. All four of the in-plane orthotropic elastic constants influence
the resulting deformation and VFM can be used to compute these if
the strain fields in the specimen are available.

Since the primary objective of this work is to demonstrate the
applicability of EVFM for the material property identification of
in-plane orthotropic constants, we generate our strain fields from
a finite-element (FE) solution to the test configuration described
above. This approach, which has previously been adopted by Pier-
ron and Grediac and their co-workers, also provides us the oppor-
tunity to compare our results directly with their published data.
We generate our strain fields using the same geometry and mate-
rial parameters as listed in Section 13.1.3 of Pierron and Grediac
(2012) and these are listed in Table 1. Further, we discretize the
geometry with 4-noded bilinear two-dimensional plane-stress ele-
ments using full integration. Pierron and Grediac (2012) employed
a mesh with 50� 75 elements in the mid-section of the plate;
however, we use a mesh that has four times this density since
our analysis indicates that a finer mesh is required to obtain
mesh-insensitive results. The applied displacements are adjusted
to yield the same total applied force of 702 N as in Pierron and Gre-
diac (2012). The strain fields obtained from FEA are as shown in
Fig. 2 and the three strain components computed at the centroids
of the elements are stored for EVFM analysis. Although the FE anal-
ysis yields the reaction forces at all nodes on the surfaces AB, CD,
EF and GH, only the total force is invoked in the EVFM analysis
in order to faithfully simulate an experimental measurement in
which the distribution of tractions is typically unknown.

4. EVFM for orthotropic material property identification

Substituting the orthotropic constitutive Eq. (9) in Eq. (1), we
obtainZ

V
Q11e1 þ Q12e2ð Þe�1dVþ

Z
V

Q12e1 þ Q 22e2ð Þe�2dVþ
Z

V
Q66e6ð Þe�6dV

¼
Z

ST

t1u�1 þ t2u�2
� �

dS ð10Þ

In VFM, a system of linear equations in the unknown Qij is obtained
by substituting several virtual strain and displacement fields into

Fig. 1. Geometry and boundary conditions for the unnotched Iosipescu test
following Pierron and Grediac (2012).

1 In the rest of this work, we will refer to the left and right singular vectors
collectively as eigenfunctions.
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Eq. (10) and computing the resulting integrals. The virtual strain
fields are constructed directly from the eigenfunctions of the true
strain fields and this idea forms the basis of the Eigenfunction Vir-
tual Fields Method (VFM – Subramanian, 2013). In this section, we
describe in detail the choice of virtual fields and the structure of the
resulting equations.

Kinematically admissible virtual displacement fields must van-
ish on parts of the boundary where displacements are prescribed.
In the current problem, there are four segments on the exterior
boundary where displacements are specified and requiring the vir-
tual displacement fields to vanish on these segments poses a
restriction on the choice of virtual fields. We circumvent this issue
by choosing two sub-domains of the plate such that the entire out-
er surface of each of these domains contains no regions of pre-
scribed displacements, thus freeing the virtual displacements of
any boundary conditions. The first of these, denoted by VA and
shown in Fig. 3, is taken from the mid-span and extends vertically
through the entire height of the specimen. However, a narrow ver-
tical strip extending from X1 ¼ a to X1 ¼ aþ DA and another from
X1 ¼ aþ b	 DA to X1 ¼ aþ b is excluded from VA so as to exclude
any prescribed displacements from this domain. Likewise, a second
sub-domain, VB (Fig. 3), is constructed by excluding narrow hori-
zontal strips of width DB at the top and bottom of the plate; thus,
the segments AB, CD, EF and GH which contain prescribed dis-
placements are excluded from VB.

Once the sub-domains are defined, the centroidal strain values from
the elements comprising these sub-domains are assembled into the
augmented strain matrices. As explained in Grama and Subramanian
(2013), the logarithm of singular values (LSV) plots of these augmented
strain matrices are inspected to identify the dominant singular values.
For the problem at hand, sub-domains A and B yield 28 dominant sin-
gular values. The first four dominant left eigenfunctions of Ec for sub-
domain A are shown in Fig. 4 for illustration.

The central feature of EVFM is the use of eigenfunctions of the
strain matrices to generate the virtual strain fields. These eigen-
functions, being generated through SVD of the augmented strain
matrices, are discrete vectors, while the virtual strain fields occur-
ring in the PVW Eq. (10) are continuous over the domain of inter-
est. Therefore, it is necessary to define continuous analogues of the
strain eigenfunctions before they can be used in EVFM. In this
work, we define the following piecewise-constant versions of a
generic right eigenfunction r and left eigenfunction l respectively:

fnðX1; rÞ ¼
Xn

k¼1

NkðX1Þrk; NkðX1Þ ¼
1; if ðX1Þk 	 DX1

2 < X1 < ðX1Þk þ DX1
2

0; otherwise

(
;

ð11Þ

fmðX2; lÞ ¼
Xm

k¼1

NkðX2Þlk
; NkðX2Þ ¼

1; if ðX2Þk 	 DX2
2 < X2 < ðX2Þk þ DX2

2

0; otherwise

(
;

ð12Þ

Table 1
Values of material and geometry parameters used in FE model, following Pierron and Grediac (2012).

a (mm) b (mm) c (mm) w (mm) h (mm) Q11 (GPa) Q22 (GPa) Q12 (GPa) Q66 (GPa)

23 30 15 20 2.3 41 10.3 3.1 4

Fig. 2. Strain fields obtained from finite element analysis, showing concentrations near the support edges.
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where DX1 and DX2 are the grid sizes along the X1 and X2 directions,
ðX1Þk and ðX2Þk are the X1 and X2 values at the kth grid location, and
rk and lk are the kth component of the right and left eigenfunctions r
and l respectively. The integrals of these piecewise-constant func-
tions, which will be required to evaluate the virtual work integrals,
are defined as

PnðX1; riÞ ¼
Z X1

0
fnðX1; riÞds; PmðX2; liÞ ¼

Z X1

0
fmðX2; liÞds; ð13Þ

where ri and li are the right eigenvector of Er and the ith left eigen-
vector of Ec respectively.

Due to the orthonormality of the left and right eigenfunctions
(Strang, 2006), one obtains the resultZ L1

0
fnðX1; riÞfnðX1; rjÞdX1 ¼ dijDX1Z L2

0
fmðX2; liÞfmðX2; ljÞdX2 ¼ dijDX2

ð14Þ

where dij is the Kronecker delta, equal to 1 if i ¼ j and 0 otherwise.
The strain component fields e1, e2 and e6 are expressed as linear

combinations of the piecewise-continuous p dominant

� right eigenfunctions

e1ðX1; ðX2ÞkÞ ¼
Xp

t¼1

ðeAr
1Þ
ðk;tÞ

fnðX1; rtÞ

e2ðX1; ðX2ÞkÞ ¼
Xp

t¼1

ðeAr
2Þ
ðk;tÞ

fnðX1; rtÞ

e6ðX1; ðX2ÞkÞ ¼
Xp

t¼1

ðeAr
6Þ
ðk;tÞ

fnðX1; rtÞ

ð15Þ

� or left eigenfunctions:

e1ððX1Þk;X2Þ ¼
Xp

t¼1

ðeAc
1Þ
ðt;kÞ

fmðX2; ltÞ

e2ððX1Þk;X2Þ ¼
Xp

t¼1

ðeAc
2Þ
ðt;kÞ

fmðX2; ltÞ

e6ððX1Þk;X2Þ ¼
Xp

t¼1

ðeAc
6Þ
ðt;kÞ

fmðX2; ltÞ

ð16Þ

5. Construction of Virtual Fields

In this section, we describe how the four virtual fields required
to generate the four equations for Q11; Q 22; Q 12 and Q 66 are con-
structed. First, we work with the strain fields in sub-domain A,
whose exterior surface consists of the four segments IJ; JK; KL
and LI. Traction boundary conditions on these segments are as fol-
lows and equal and opposite forces of 702 N act on the faces IL and
JK (Fig. 5):

ST :

IJ : t1 ¼ 0 t2 ¼ 0
JK : t1 – 0; t2 – 0;

R
JK t1dS ¼ 0;

R
JK t2dS ¼ 	FA

KL : t1 ¼ 0 t2 ¼ 0
LI : t1 – 0; t2 – 0;

R
LI t1dS ¼ 0;

R
LI t2dS ¼ FA

8>>><>>>: ð17Þ

Over this sub-domain, we generate two virtual fields based on
the most dominant right eigenfunction r1 of the row-augmented
strain matrix Er.

� Virtual Field 1 (VF1):

u�1 ¼ 0; u�2 ¼ PnðX1; r1Þ
e�1 ¼ 0; e�2 ¼ 0; e�6 ¼ fnðX1; r1Þ;

ð18Þ

� Virtual Field 2 (VF2):

u�1 ¼ PnðX1; r1Þ; u�2 ¼ 0
e�1 ¼ fnðX1; r1Þ; e�2 ¼ 0; e�6 ¼ 0;

ð19Þ

VF1 represents a shear deformation while VF2 represents a non-
uniform elongation along the X1 direction, as illustrated in Fig. 6.

Fig. 3. Sub-domains A (shaded region, top) and B (shaded region, bottom) used to
generate EVFM equations, shown with their respective coordinate systems.

Fig. 4. The first four left eigenfunctions of Ec for sub-domain B.

Fig. 5. Net force on the exterior surfaces of sub-domain A.
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The third and fourth virtual fields are constructed using the first
and second dominant left eigenfunctions of the column-aug-
mented strain matrix Ec for sub-domain B. The traction boundary
conditions over the exterior of this sub-domain are as follows
and are indicated schematically in Fig. 7:

ST :

MN : t1 – 0; t2 – 0;
R

MN t1dS ¼ 0;
R

MN t2dS ¼ FB

NO : t1 ¼ 0; t2 ¼ 0;

OP : t1 – 0; t2 – 0;
R

OP t1dS ¼ 0;
R

OP t2dS ¼ 	FB

PM : t1 ¼ 0; t2 ¼ 0;

8>>><>>>:
ð20Þ

Virtual Field 3 and Virtual Field 4 are respectively constructed from
the first and third dominant left eigenfunctions of Ec:

� Virtual Fields 3 and 4 (VF3, VF4):

ði ¼ 1;3Þ u�1 ¼ 0; u�2 ¼ PmðX2; liÞ
e�1 ¼ 0; e�2 ¼ fmðX2; liÞ; e�6 ¼ 0

ð21Þ

Although the second dominant left eigenfunction yields a legiti-
mate eigenfunction, for the present data, it yields virtual work
integrals that vanish and therefore is not useful. Hence, the third
dominant left eigenfunction is used instead. Both VF3 and VF4 rep-
resent a non-uniform vertical contraction, which is independent of
X1. The virtual strain contours corresponding to these virtual strain
fields are shown in Fig. 8.

5.1. EVFM equations

Substitution of the virtual field expressions Eqs. 18, 19 and
21the tractions boundary conditions as given in Eqs. (17) and
(20) into the principle of virtual work Eq. (10) leads to the follow-
ing four equations:Z

V
Q66e6ð ÞfnðX1; r1ÞdV ¼ 	FAPnðlA; r1Þ ð22ÞZ

V
Q 11e1 þ Q 12e2ð ÞfnðX1; r1ÞdV ¼ 0 ð23ÞZ

V
Q12e1 þ Q 22e2ð ÞfmðX2; l1ÞdV ¼ 	FBPmðwB; l1Þ ð24ÞZ

V
Q12e1 þ Q 22e2ð ÞfmðX2; l3ÞdV ¼ 	FBPmðwB; l3Þ ð25Þ

Fig. 6. VF1 and VF2 are both based on the first right eigenfunction r1. The contour
plot represents the variation of e�6 (VF1) and e�1 (VF2) over VA while the line-plot on
the top shows the variation of virtual strain u�2 (VF1) and u�1 (VF2) along X1.

Fig. 7. sub-domain B is acted on by a pair of equal and opposite vertical forces FB .

Fig. 8. VF3 (top) and VF4 (bottom) represent an X1-independent non-uniform elongation along the X2 direction. The contour plots show the variation of e�2 over VB while the
line-plots on the left show the variation of virtual strain u�2 with X2.
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The first two of these equations contain virtual fields that do not
vary across rows, while the last two contain virtual fields that do
not vary along columns. To proceed further, we expand the true
strain e1; e2 and e6 in terms of the right (for Eqs. (22) and (23)) or
left (for Eqs. (24) and (25)) eigenfunction bases as expressed in
Eqs. (15) and (16). Next, we evaluate the area integrals in Eqs.
(22) and (23) by dividing them into horizontal strips (as described
in Subramanian, 2013) while the integrals in Eqs. (24) and (25) are
evaluated over vertical strips. This approach allows us to use the
orthogonality of eigenfunctions (Eq. (14)) and obtain the following
simple system of equations for the unknown material parameters:

0 0 0 A14

A21 0 A23 0
0 A32 A33 0
0 A42 A43 0

26664
37775

Q 11

Q 22

Q 12

Q 66

8>>><>>>:
9>>>=>>>; ¼

B1

B2

B3

B4

8>>><>>>:
9>>>=>>>; ð26Þ

or more compactly in the form AQ ¼ B, where A is a ð4� 4Þ matrix
with the following entries

A14 ¼ hDX1DX2

Xm

k¼1

ðeAr
6Þ
ðk;1Þ

" #

A21 ¼ hDX1DX2

Xm

k¼1

ðeAr
1Þ
ðk;1Þ

" #
; A23 ¼ hDX1DX2

Xm

k¼1

ðeAr
2Þ
ðk;1Þ

" #

A32 ¼ hDX1DX2

Xn

k¼1

ðeAc
1Þ
ð1;kÞ

" #
; A33 ¼ hDX1DX2

Xn

k¼1

ðeAc
2Þ
ð1;kÞ

" #

A42 ¼ hDX1DX2

Xn

k¼1

ðeAc
1Þ
ð3;kÞ

" #
; A43 ¼ hDX1DX2

Xn

k¼1

ðeAc
2Þ
ð3;kÞ

" #
ð27Þ

and B is a 4� 1 matrix with the following entries

B1 ¼ 	FADX1

Xn

t¼1

rt
1

" #
; B2 ¼ 0;

B3 ¼ 	FBDX2

Xm

t¼1

lt
1

" #
; B4 ¼ 	FBDX2

Xm

t¼1

lt
3

" #
;

ð28Þ

Fig. 9. LSV spectrum of Er for sub-domain A (top) and Ec for sub-domain B (bottom) show a decreasing number of dominant singular values for increasing noise levels.
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6. Results

The procedure of the previous sections is implemented with
strain matrices obtained from the finite element analysis. Eqs.
(22)–(25) are solved for the material parameters and it is seen that
the results obtained for Q11; Q12; Q 22 and Q 66 are identical to the
values input into the finite-element analysis. This agreement with
input parameters serves as partial evidence in support of the effi-
cacy of EVFM.

However, a full validation of EVFM must also take into account
the effect of noise, which is inevitable in experimental measure-
ments; no significant noise is present in the strain matrices ob-
tained from FEA. To address this issue, we add Gaussian white
noise of specified amplitude c to each of the three finite-element

strain matrices and use these as inputs to the EVFM procedure.
We follow the method of Pierron and Grediac (2012) and repeat
this process for 30 different realizations of noise at 20 equally-
spaced c values in the interval ½5� 10	5;1� 10	3�.

It is observed that for a given value of c, the LSV spectrum is
very repeatable across the 30 realizations. However, as c increases
(Grama and Subramanian, 2013), the LSV spectrum shifts upwards
and displays fewer dominant singular values, i.e. those to the left of
the point where the curve shows a knee. These trends are readily
identifiable in Fig. 9, in which the LSV spectra of Er for sub-domain
A and Ec for sub-domain B for various values of c are shown. At the
largest c value of 1� 10	3, only 6 dominant singular values are ob-
tained for Er for sub-domain A whereas for the noise-free data, one
can identify 28 dominant singular values.

Fig. 10. The first four left eigenfunctions of Er for sub-domain A (top two rows) and Ec of sub-domain B (bottom two rows) for 30 trials, c ¼ 10	3 show increasing noise in the
eigenfunctions as eigenfunction index increases. In each plot, the blue band is produced by the 30 overlapping noisy eigenfunctions and the red band indicates the
corresponding noise-free eigenfunction. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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As reported previously in the literature (Grama and Subramani-
an, 2013), the effect of noise is also evident in the eigenfunctions.
As c increases, each eigenfunction becomes increasingly noisy
and the 30 trials produce eigenfunctions that are distributed
evenly around the corresponding noise-free eigenfunction. These
patterns are evident in the right and left eigenfunctions shown in
Fig. 10.

For each repetition at each c level, the EVFM procedure is exe-
cuted using the noisy strain matrices as inputs. For each parameter
Q ij, the mean value (lij and the standard deviation (rij) are calcu-
lated and the coefficient of variation (CV) for each material param-
eter is obtained. The CV is a measure of the sensitivity of the
identified parameter to input noise (Pierron and Grediac, 2012);
the lower the CV value, the less sensitive the parameter is to noise.

Before we compare our results to those published in Chapter 13
of Pierron and Grediac (2012), we note that there appears to be a
typographical error in their Fig. 13.10: the ordinate is labelled g

Q,
whereas it should be labelled gc

Q or r
Q. The CV values for

Q 11; Q 12; Q 22 and Q 66 are plotted in Fig. 11. As shown Pierron
and Grediac (2012), our results also indicate that the CVs are linear
in input noise amplitude c; moreover, the CVs computed by the
present method show much less scatter around the linear fit than
the data in Pierron and Grediac (2012). A possible reason for this is
the coarse mesh used in the FE analysis in Pierron and Grediac
(2012). Similar scatter is noticed in the present study too when a
mesh with the same density of elements as in their study is used
to obtain the input strain matrices. The parameter Q66 is identified
most robustly, while Q 22 is identified with very little error even at
c ¼ 1� 10	3. However, Q11 and Q 12 remain highly sensitive to
noise, and yield unacceptable CVs of 0.8 at c ¼ 1� 10	3.

The CVs for Q 66 and Q22 obtained in the present study are 0.001
and 0.014 respectively, while those in Pierron and Grediac (2012)
are 0.004 and 0.084 for the optimized polynomial VFM and 0.004
and 0.093 for the optimized piecewise polynomial VFM respec-
tively. Thus, the present method recovers these parameters more
robustly than the optimized polynomial and piecewise polynomial
VFM used by Pierron and Grediac (2012). On the other hand, the
present study yields CVs of 0.751 and 0.741 for Q 11 and Q12, while
the corresponding values from Pierron and Grediac (2012) are
(0.031, 0.186) using piecewise optimized polynomials and
(0.030, 0.114) for optimized polynomials, both of which are supe-
rior to those obtained in the present study.

7. Discussion

The high CVs for Q 11 and Q 12 can be better understood by inves-
tigating the four Eqs. (22)–(25). For the 30 repetitions with

c ¼ 1� 10	3, the individual CVs for the 7 coefficients (Eqs. (27))
appearing in these equations are listed in Table 2. Six of the coef-
ficients are seen to have very small CVs, while one, A43, has an
anomalously large coefficient. The small CV of A14 directly trans-
lates to a small CV for Q 66, while the small CVs of A21 and A23 make
the ratio Q11

Q12
relatively insensitive to noise (CV of 0.093). However,

the large CV of A43 results in a large CV for Q 12, which when cou-
pled with the low CV of Q11

Q12
, directly leads to a large CV for Q11.

The large CV for A43 is not surprising when we look at the effect
of noise on the eigenfunctions and the relative magnitude of the
strain components. The third eigenfunction is much more noisy
when compared to the first eigenfunction (Fig. 10); over the 30 tri-
als, the components of the third eigenfunction display much more
variation than do those of the first. Further, e1 is the strain compo-
nent that has the smallest magnitude and therefore will have the
largest variance in magnitude for a given magnitude of noise. Con-
sidering that A43 is obtained by summing up the components of
each row of e1 along the third eigenfunction, it is then clear as to
why this coefficient is the most affected by noise. The effect of
the noisy third eigenfunction may also be readily seen by compar-
ing the coefficients A32 and A42; both are obtained by using the
same strain component, but the former uses the relatively noise-
free first eigenfunction while the latter uses the noisy third eigen-
function. This change in eigenfunction is sufficient to increase the
CV of the coefficient from 0.0038 to 0.0158.

The present method yields acceptable identification of the
material parameters for low to moderate noise, but for large
amounts of noise, the procedure has to be improved to be satisfac-
tory. Since the primary reason for the large sensitivity to noise is
the sensitivity of the third eigenfunction to noise, a feasible ap-
proach is to smooth the third eigenfunction prior to computing
the virtual work integrals. Simultaneously, the strain fields may
also be reconstructed using smoothed dominant eigenfunctions.
Alternatively, different test configurations may be tried out that
facilitate more virtual fields using the first dominant eigenfunction,

Fig. 11. Coefficients of variation of the four material parameters estimated by the present method. Q11 and Q22 (left) are much more sensitive to noise than are Q12 and Q66

(right).

Table 2
Coefficients of variation of the 7 coefficients appearing in
the EVFM equations.

Matrix coefficient Coefficient of variation

A14 0.0011
A21 0.0908
A23 0.0069
A32 0.0038
A33 0.0613
A42 0.0158
A43 3.9128
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and if necessary, the second; both these eigenfunctions are less
sensitive to noise and will yield smaller CVs for the material
parameters than when using the third.

8. Conclusions

1. In this work, the Eigenfunction Virtual Fields Method has been
formulated and applied to the problem of estimation of ortho-
tropic elastic properties from full-field strain data

2. Four virtual fields have been proposed based on eigenfunctions
of the composite strain field and a compact system of 4 equa-
tions in the 4 unknown material parameters derived and solved.

3. The method yields exact answers for noise-free synthetic strain
data, generated using finite-element analysis of the unnotched
Iosipescu test.

4. The effect of noise has been studied by adding Gaussian white
noise to the synthetic strain data and evaluating the CV of the
computed material parameters.

5. It is shown two of the material parameters are less sensitive to
noise when computed by the present method than by using the
optimized polynomial and optimized piecewise polynomial
VFM techniques of Pierron and Grediac (2012). On the other
hand, the other two parameters are more severely affected by
noise.

6. The high CVs of the material parameters is traced to the pro-
nounced noise in the third dominant eigenfunction and possible
future improvements to reduce the sensitivity of these param-
eters to noise are suggested.
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